The non-relativistic dynamics of an electric dipole in a uniform and stationary electromagnetic field is considered. The equations of motion are derived ab initio. It is shown that they are Hamiltonian with respect to a certain degenerated Poisson structure. The system has a 'hidden' symmetry which allows its dimension to be reduced. The reduced system is also Hamiltonian with respect to a degenerated Poisson structure. We show how to perform this reduction in the framework of the Lagrange formalism. Integrability of the reduced system is investigated. It was proved that the system is non-integrable except for two cases when, for specific values of parameters, the system admits an additional first integral.
Introduction
Throughout this paper, by a constant electromagnetic field we mean a field which is stationary, i.e. time independent, and uniform, i.e. it does not depend on position.
The dynamics of an electric charge in constant electric and magnetic fields is well described in the literature; see, for example, the detailed analysis in ch. 2 in [1] . Systems of two oppositely charged charges, called electric dipoles, are very common. Certain molecules called polar have permanent dipole moments; other dielectric molecules acquire such moments after putting them into an electric field when they are polarized. In almost all books on electrodynamics, one can find calculations of electric potential and electric field due to the dipole. Forces and torques acting on a dipole in a constant electric field are also well described in classical books; for example, §4.1.3 in [2] or §3.8 in [3] . A proper derivation of a correct relativistic expression for the force acting on a compact electrically neutral electric dipole, moving in electric and magnetic fields, has been discussed over the past century (see [4] and references therein). We also found a few articles that consider the motion of an electric dipole in constant electric and magnetic fields (e.g. [5] [6] [7] ), but it seems that a detailed analysis of translational and rotational dynamics of an electric dipole has, until now, not been carried out. The aim of this paper is to fill this gap. We restrict ourselves to a classical, non-relativistic description and we neglect all radiation effects.
The plan of the paper is as follows. In the next section, we derive equations of motion of an electric dipole in a constant electromagnetic field, starting from the Newton-Lorentz equation for a single charge. The motion of the dipole is determined by four vector equations which describe the motion of its centre of mass and rotation of the dipole. The total linear momentum of the dipole is not conserved, but nevertheless the system has three first integrals which are linear in the momentum of the centre of mass. We show that equations of motion are Hamiltonian with respect to a certain degenerated Poisson structure.
In §2c, we reduce the system using the above-mentioned first integrals. The system obtained is Hamiltonian and the reduced Poisson structure has rank 4, so the reduced system has two degrees of freedom. Amazingly, a direct standard way of introducing canonical variables fails because the coordinates of the centre of mass are not cyclic variables for the non-reduced Lagrangian. We show that a gauge transformation of the Lagrangian allows this reduction in §2d.
For the integrability of the reduced system, one additional first integral is missing. We distinguish two cases when such an integral exists. The first one is when the magnetic field vanishes and the second is when very peculiar conditions on parameters of the problem are imposed. In §3, we prove that, except for the above integrable cases, the equations of motion are not integrable when parameters of the problem belong to codimension 1 domains in parameter space.
In §4, we present several results of numerical simulations, which give examples of the very peculiar properties of dipole motion. The last section contains remarks and final conclusions of our paper.
Equations of motion
In this section, we derive equations of motion of an electric dipole in a stationary electromagnetic field. Non-relativistic motion is considered. Our aim is to investigate the qualitative properties of the system. We focus our attention on a case of constant fields.
At first we recall basic facts about the Hamiltonian description of a single charge dynamics.
(a) Charge in an external field
The motion of a point with mass m, electric charge q and radius vector r in a stationary electromagnetic field is described by the Newton-Lorentz equation
where E(r) and B(r) denote the electrostatic and magnetostatic fields, respectively. There are two ways to rewrite equation (2.1) in Hamiltonian form. The standard one is to begin with the Lagrange function
where V(r) and A(r) are, respectively, the scalar and the vector potentials of the fields, which are defined as E(r) = −∇V(r) and B(r) = ∇ × A(r 
leads to the well-known Hamiltonian
In this description, (r, P) and are canonical variables of the phase space T R 3 R 3 × R 3 equipped with the standard symplectic structure.
It is less known that we can take x = (r, p), where p = mṙ as coordinates, and then equation (2.1) can be written in the formẋ 6) and J(x) is a 6 × 6 matrix with the following block structure:
In the above formula, 0 3 and Id 3 denote 3 × 3 zero and identity matrices, respectively. For a vector a = (a 1 , a 2 , a 3 ), we denote the corresponding skew-symmetric matrix
Matrix J(x) defines a non-degenerated Poisson bracket. For two smooth functions F(x) and G(x), we define it as
Clearly, bracket {·, ·} is antisymmetric and satisfies the Leibniz rule. Moreover, the Jacobi identity is satisfied if and only if ∇ · B(r) = 0, but B(r) fulfils this condition by Gauss's magnetic law. For more details concerning the Hamiltonian character of the Lorentz equation, see [8] or [9] . The question concerning the integrability of the Newton-Lorentz equation (2.1) with fields E(r) and B(r) of general form is difficult. The related problem of determination of the Lie point symmetries of this equation was investigated by Kallinikos & Meletlidou [10] . Here r 1 − r 2 = le, where e is the unit vector and l = |r 1 − r 2 | is the distance between charges. Thus, the configuration space of the dipole is R 3 × S 2 , where S 2 ⊂ R 3 is a unit sphere. If the fields E(r) and B(r) depend explicitly on the positions of the charges but the dipole is small, then one can approximate the fields by their series expansions. In this paper, we consider the case when the fields are constant. Under this assumption, the force acting on the centre of 
Hence, the motion of the centre of mass is described by the Newtonian equation (2.13) where d = ql is the dipole moment. As B is a constant vector, this equation can be written as 14) and this implies that
is a first integral. This shows that the motion of the centre of mass is determined by the time dependence of e(t). Equations describing the time evolution of vector e follow from
where L is the total angular momentum of the dipole and K is the torque of external forces acting on it. Direct calculations give Similarly, the total torque is given by
where parameter
measures the asymmetry of the dipole. The time derivation of L isL 
Notice that e · ω = 0, so we can writeė = ω × e. Hence the system describing the motion of the dipole can be written in the following form:
where g = Iω is the rotational angular momentum of the dipole. This system has two geometric first integrals, H 0 = e · e and H 1 = e · g. (2.24) In order to study the motion of the dipole, we have to restrict the above system to a common level H 0 = 1 and H 1 = 0. Besides the three first integrals given by the components of the vector 
Let F and G be two smooth functions defined on M 12 = (R 3 ) 4 = R 12 with coordinates x = (r, p, e, g). We define their bracket
, where (2.27) Proof. The fact that bracket {·, ·}, defined by (2.27), is bilinear, antisymmetric and satisfies the Leibniz rule is obvious. One can check directly that it satisfies the Jacobi identity. It is also straightforward to check that H 0 and H 1 are Casimir functions of this bracket.
A direct consequence of the above lemma is the following theorem.
Theorem 2.2. Equations (2.23) are Hamiltonian with respect to the Poisson bracket (2.27) and Hamilton's function H given in (2.26).

Proof. The above is correct because
and
where the last equality follows from equations (2.23). This ends the proof.
We show that system (2.23) restricted to level
is Hamiltonian with five degrees of freedom. It has four commuting and independent first integrals H and c. Hence, for its integrability one additional first integral is needed. The simplest integrable case is the following. 
It is less obvious to notice that function
So, we also have the following result.
Lemma 2.4. If E = 0, then system (2.23) has an additional first integral of the form (2.31).
However, this first integral does not commute with the remaining first integrals. In fact, we have the following non-vanishing commutators of F:
Thus, in the case E = 0 the existence of the additional first integral F does not guarantee that the system is integrable.
(c) The reduced system Now, our goal is to reduce the dimension of system (2.23). Put simply, we can eliminate p from the right-hand sides using integral c. In doing this, we in fact diminish the dimension of the phase space by 6. As p = c + de × B, we can rewrite the equations for (g, e) in the forṁ
This system has two first integrals,
For the dipole motion, we consider only the common level H 0 = 1 and H 1 = 0. Now, the energy first integral takes the form
The phase space for the reduced system (2.33) is M 6 = R 3 × R 3 with coordinates z = (e, g). Next we introduce the Poisson bracket This theorem can be proved by direct calculation, so we have left it to the reader. At a common level M r = (e, g) ∈ M 6 | e · e = 1, e · g = 0 , (2.37) the Poisson bracket is (2.36) and the reduced system has two degrees of freedom. For its integrability, one additional first integral is missing. Obviously, if B = 0, then the reduced system is integrable with the additional first integral,
It is interesting to ask what happens with the first integral F defined by (2.31) after reduction. Notice that F is not a first integral of the reduced system because it depends on r. However, we can prove the following. 
Thus, taking into account equality (2.32) we obtain
From the definition of c, we have that mṙ = c + de × B, so, using known vector product identities, we obtain d dt
and the statement of our lemma follows.
(d) Canonical equations
The Lagrange function for a charge in an electromagnetic field is given by (2.2). Thus, for a dipole it can be written in the following form: It is worth noting that the vector potential A(r) is not uniquely defined by field B. This gauge freedom allows us to take, for example, A(r) = A 0 r, where matrix A 0 is given by
For constant fields using (2.45), we have
but we rewrite it in the following form: 
see [11] . We can write this function in the following form:
For further consideration we can assume without loss of generality that B = (0, 0, B) and E = (0, E 2 , E 3 ). Then we use spherical coordinates as generalized coordinates e = (e 1 , e 2 , e 3 ) = (cos(q 2 ) cos(q 1 ), cos(q 2 ) sin(q 1 ), sin(q 2 )). (2.53)
The Legendre transformation iṡ 
Non-integrability theorems
In this section, we show that equations describing the reduced system, i.e. equations (2.33) or Hamilton equations generated by Hamiltonian (2.55), are generally not integrable in the Liouville sense. As the reduced system has two degrees of freedom it is not integrable in the Liouville sense if and only if it does not admit an additional first integral functionally independent of the Hamiltonian. The system depends on 13 parameters: components of vectors E, B, c and four internal parameters m, I, d and δ. In fact, we can reduce their number using rescaling and a proper choice of an inertial system. Using rescaling (a choice of units), we can always fix m = d = I = 1. However, we avoided this simplification in order to have coefficients of various expressions given in terms of physical units. As we have already mentioned, we can choose the inertial frame in such a way that B = (0, 0, B) and E = (0, E 2 , E 3 ), and we will keep this choice in this section. Even after this choice, the system depends on seven parameters and this makes its integrability analysis extremely difficult.
To check integrability in the Liouville sense of Hamiltonian systems, the most effective tool is based on study properties of the differential Galois theory of variational equations obtained by linearization of the Hamiltonian equations along a particular solution. Its basic theorem is the following.
Theorem 3.1 (Morales-Ramis). If a Hamiltonian system is integrable in the Liouville sense with meromorphic first integrals, then the identity component of the differential Galois group of variational equations along a particular solution is Abelian.
For proof and applications of the above theorem, we refer the reader to [12] [13] [14] . In our analysis, we consider Hamilton's equations generated by Hamiltonian (2.55), which have the forṁ
The method we use for proving non-integrability requires a non-equilibrium particular solution of the considered equations. We did not find such a solution for generic values of the problem parameters. This is why we restrict our analysis to two cases which are of co-dimension 1 in parameter space.
The main results of this section are the following two theorems. The proofs of these theorems are given in appendix A and appendix B, respectively. Here let us remark that, under our assumption concerning vectors E and B, condition (2.38) is equivalent to the following one:
Thus, we have two subcases.
Case 1.
If B = 0 then the system (3.1) has the additional first integral
Case 2. If B = 0 then necessarily c 2 = 0 and Bc 1 = mE 2 . In this case, the first integral is H 2 = p 1 .
A global view of the dynamics described by Hamiltonian equations (3.1) is given in figure 1 with Poincaré sections for two kinds of dipoles. The parameters of these dipoles correspond to the water molecule and a certain nanocrystal; see the next section for details. The cross-section plane 
Numerical simulations
In this section, we make numerical simulations of system (2.23) for two models inspired by certain physical dipoles. We assume that the magnetic field is oriented as B = (0, 0, B) and we choose E = (0, E 2 , E 3 ). In order to reduce the number of parameters, we rescale the variables of system (2.23) using free choice for the units of time, length, mass and charge
Using the units of the electric and magnetic fields, we deduce that
we obtain that m = 1, I = 1, d = 1, B = B and δ = (δ/β). As the first model, we will consider a water molecule consisting of two atoms of hydrogen with total mass m 1 = 3.34744 × 10 −27 kg and one atom of oxygen with mass m 2 = 2.65676 × 10 −26 kg. As the second model, we consider the dipole created by a CdS nanocrystal described in [15] . The core nanocrystal is a pyramid consisting of 84 atoms of cadmium (Cd) and 123 atoms of sulfur (S) (see fig. 2 in [15] ). The authors added hydrogen atoms and truncated the corners in order to provide a permanent electric dipole moment. We chose the molecule CIT4. According to the data in table 1 in [15] for this molecule the excess charge is q = 10 · e − ≈ 1. We parametrize the initial conditions as e 0 = (cos θ 0 cos ϕ 0 , cos θ 0 sin ϕ 0 , sin θ 0 ) and g 0 = e 0 × u with some constant vector u that guarantees e 0 · g 0 = 0.
In figure 2 the results of numerical simulations are given for a water-type dipole in electric field E = (0, subintegral function is e × B = (e 2 B, −e 1 B, 0), when e 2 (t) and e 3 (t) oscillate around some constant non-zero values the integral will also generate terms that are linear in t during the evolution of r 1 (t) and r 2 (t).
Components e i of the dipole vector oscillate on a unit sphere around the direction of the electric field E; see figure 2e. When we change the initial conditions for e 0 and g 0 , the amplitudes of the oscillations of components e i on the unit sphere change; see figure 3a.
In the absence of an electric field, one can notice a more complicated motion of the centre of mass; see The evolution of the components of an electric dipole in this case is shown in figure 3b . Oscillations are chaotic and no longer take place around a certain fixed direction but are restricted to a certain delineated wide strip.
When we repeat the numerical simulations for a nanocrystal dipole in electric E = (0, . The frequency of the rapid oscillations of the radius of the centre of mass components is also higher than that for the water dipole, and the motion is along a straight line with almost invisibly small oscillations. The oscillations of the dipole components on a unit sphere look different but still take place around the electric field; see figure 6a,b. Similar to the previous case in the absence of an electric field, the motion of the centre of mass takes place over loops within a certain strip (figure 7). Simulations were made for the same value of magnetic field B = (0, 0, 1) T and the same initial conditions: r(0) = p(0) = 0, θ 0 = ϕ 0 = 1 rad and u = (1, 1, 1) as for the water dipole. The evolution of the components of the dipole in this case is given in figure 8 . The oscillations are chaotic and no longer surround a certain fixed direction but are restricted to a certain delineated narrow strip with easily visible side lines.
Conclusion and remarks
In this paper, we have derived the equations of motion of an electric dipole in a constant electromagnetic field, starting from the Newton-Lorentz equation for a single charge. The equations have a Hamiltonian form but with respect to a certain degenerated Poisson structure. The most peculiar property of these equations is the fact that, although total linear momentum is not conserved, the rotational motion of the dipole is separate from the motion of the centre of mass.
The reduced system is also Hamiltonian with two degrees of freedom. The reduced Poisson structure depends on whether the dipole is inertially symmetric. For details, see [16] . We have shown how to introduce canonical coordinates for a reduced system and we have investigated its integrability. We distinguished two families of integrable cases. Then, using the methods of the differential Galois theory, we proved that the system is non-integrable if the parameters of the problem belong to certain co-dimension 1 domains in parameter space.
The problem of proving non-integrability of the system under consideration for generic values of the parameters remains open.
Finally, let us remark that one can consider a model of an electric dipole that is different from the extended one analysed in this paper. Taking the dipole limit l → 0 and q → ∞ in such a way that d = const., we obtain an ideal dipole. In this case, we have to assume also that the inertia tensor I of the dipole tends to a specified limit. Then equations (2.23) are also valid for this model. The other possible model is a uniformly polarized sphere. This model is a special case of an extended three-dimensional body with a certain charge distribution. The dynamics of such a body depends on its tensor of inertia and the tensor of the charge distribution. For a uniformly polarized sphere, we can assume that the tensor of inertia is a multiple of the identity matrix and the tensor of the charge distribution vanishes. Then the equations of motion of this model coincide under the additional assumption that the projection of the angular velocity onto the dipole moment vanishes with equations (2.23) when δ = 0. We will study these types of models in our forthcoming paper.
